Topological insulators, a new kind of quantum matter with an energy gap in the bulk and an odd number of gapless edge or surface states, have been studied intensively in the last decade[@b1][@b2][@b3][@b4]. Metallic surface states, which originate from spin-orbit coupling, are topologically protected by time-reversal symmetry, making the materials interesting for spintronic and quantum computation applications. Many three dimensional topological insulators have been theoretically predicted and experimentally confirmed[@b5][@b6], including Tl-based III-V-VI~2~ ternary chalcogenides[@b7][@b8][@b9][@b10][@b11][@b12][@b13][@b14][@b15]. Among these compounds, TlBiS~2~ is found to be a trivial semiconductor in experiment, whereas different first principles calculations have predicted it to be either trivial[@b15] or nontrivial[@b13], implying that the topological property is very sensitive to the structural details. It has been reported that TlSbS~2~ can be tuned from a trivial insulator into a topological semimetal by uniaxial strain[@b13]. In general, strain engineering has been a fruitful path to new topological systems ever since HgTe had been predicted to undergo a phase transition under strain[@b2]. Various studies have dealt with strain induced topological phase transitions[@b16][@b17][@b18][@b19][@b20][@b21][@b22][@b23][@b24][@b25].

Lately interest is shifting to the socalled topological crystalline insulators[@b26][@b27], which are different from standard topological insulators in that the gapless surface states are protected by mirror symmetry rather than by time-reversal symmetry. The protection thus persists even when time-reversal symmetry is broken, for example by a magnetic field or magnetic dopant, which strongly broadens the field of potential applications. Topological crystalline insulators are rare, having been confirmed experimentally only for the SnTe class of compounds[@b28][@b29][@b30][@b31][@b32] as well as for Bi~2~Te~3~[@b33]. To evaluate the physics of topological crystalline insulators, it is therefore essential to search for additional cases where this phase is realized. In the present work we study TlBiS~2~ and TlSbS~2~ by first principles density functional theory and demonstrate that hydrostatic pressure as well as uniaxial and biaxial strain induce topological phase transitions in both systems. For TlBiS~2~ a topological crystalline insulator phase emerges under hydrostatic pressure. The nature of the different phases is confirmed by calculating the surface states.

Results
=======

TlBiS~2~ and TlBiS~2~ have rhombohedral structures with space group , which is similar to Bi~2~Te~3~. There are four atoms per unit cell, with the Tl, Bi/Sb, and S atoms placed in layers normal to the three-fold axis in the sequence --Tl--S--Bi--S--, as shown in [Fig. 1(a)](#f1){ref-type="fig"}. Each Tl/Bi layer is sandwiched between two S layers, which results in a strong interlayer coupling so that the crystal structure is essentially three-dimensional. Tl, Bi, and S are located at the (0,0,0), (0.5,0.5,0.5), and (±*u*, ±*u*, ±*u*) sites, respectively. The structure has inversion symmetry where both Tl and Bi/Sb act as inversion centers. The corresponding hexagonal supercell is shown in [Fig. 1(b)](#f1){ref-type="fig"} and the projections of the bulk Brillouin zone onto the surface Brillouin zones is demonstrated in [Fig. 1(c)](#f1){ref-type="fig"}. While hydrostatic pressure by definition is isotropic, the uniaxial strain is applied along the *z*-axis and the biaxial strain within the *xy*-plane. In no case the symmetry of the system is altered, which simplifies the analysis. The magnitude of the uniaxial strain is defined as and that of the biaxial strain as , where *a*~0~ and *c*~0~ are the in-plane and out-of-plane equilibrium lattice constants of the hexagonal supercell.

We first study the band structures and topological properties of TlBiS~2~ under strain. Structure relaxations are performed without spin-orbit coupling, yielding the lattice parameters *a*~0~ = 7.789 Å and angle *α* = 30.9°, which are close to the experimental values (*a*~0~ = 7.684 Å, *α* = 30.98°)[@b34]. The internal parameter characterizing the positions of the atoms is *u* = 0.237. The electronic band structure of TlBiS~2~ under hydrostatic pressure is addressed in [Fig. 2](#f2){ref-type="fig"}. Without strain, see [Fig. 2(b)](#f2){ref-type="fig"}, the conduction band minimum and valence band maximum are both located at the Γ point with an energy gap of 7 meV. This value differs from previous calculations[@b13][@b15][@b35], mainly due to different lattice constants, pseudopotentials, and exchange functionals. Examining the region near the Fermi energy, we find that the electronic properties are sensitive to the pressure. When the pressure increases from −2 GPa to 8 GPa the energy gap at the Γ point first closes and then reopens, with a critical pressure around 0 GPa. A similar behavior is found for the F point, with a critical pressure around 5 GPa. The system remains a direct band gap semiconductor up to 8 GPa, although the conduction band minimum and valence band maximum move from the Γ to the F point around 3 GPa. The band gaps for −2, 2, and 8 GPa pressure are 0.20, 0.19, and 0.28 eV, respectively. It is also found that at the conduction and valence band edges move away from the Γ point to the Γ-F line for pressure larger than 5 GPa. Finally, up to 15 GPa the band gaps at the Γ and F points are found to grow monotonously.

In [Fig. 2](#f2){ref-type="fig"} we project the wave functions to atomic orbitals, finding that the states around the Fermi level are mostly contributed by the Tl *p*, Bi *p*, and S *p* orbitals. In [Fig. 2(a)](#f2){ref-type="fig"} the conduction bands are dominated by the Tl and Bi *p* orbitals, whereas the valence bands are dominated by the S *p* orbitals. No band inversion is found, which means that the system is in a trivial phase. In [Fig. 2(b)](#f2){ref-type="fig"} the conduction and valence band edges touch each other and the orbital character switches at the Fermi level, i.e., a band inversion has occurred. In [Fig. 2(d)](#f2){ref-type="fig"}, for 5 GPa pressure, the conduction and valence bands touch at the F point and another band inversion occurs. Due to the even number of band inversions at the time-reversal invariant momenta the system is back to a trivial phase. The inversion symmetry of TlBiS~2~ allows us to perform a parity analysis. By checking the parities of the valence states at the eight time-reversal invariant momenta (1Γ, 3F, 1Z, and 3L), we find that the topological invariants at −2, 0, 2, 5 and 8 GPa pressure are (0;000), (1;000), (1;000), (0;000), and (0;000), respectively, consistent with the band inversion picture. We notice that the system is topologically nontrivial without strain, which contradicts the experimental result. The possible reason for this difference is the presence of strain in the sample due to the finite temperature, the substrate or other factors.

Band structures for biaxial and uniaxial strain are shown in [Fig. 3(b)-(e)](#f3){ref-type="fig"}, which are compared to the band structure without strain in [Fig. 3(a)](#f3){ref-type="fig"}. The variations under biaxial strain are very different from those under hydrostatic pressure. For biaxial compression, see [Fig. 3(b)](#f3){ref-type="fig"}, the system first changes from a direct gap semiconductor to an indirect gap semiconductor and then to a semimetal. No band inversion is found at the Γ and F points. On the other hand, [Fig. 3(c)](#f3){ref-type="fig"} shows for biaxial tension that the energy gap at the Γ point first closes and then reopens. The conduction and valence band edges shift upwards at the F point and downwards at the Γ point, i.e., the system changes from a semiconductor to a semimetal. For uniaxial compression, see [Fig. 3(d)](#f3){ref-type="fig"}, a band inversion occurs at the Γ point. The system first turns into an indirect gap semiconductor and then into a semimetal. For uniaxial tension, see [Fig. 3(e)](#f3){ref-type="fig"}, no band inversion is found and the system remains an indirect gap semiconductor up to 6% strain. Using parity analysis, we find that the topological invariants are (0;000), (1;000), (1;000), and (0;000) under −5%, 5% biaxial strain and −6%, 6% uniaxial strain, respectively.

To confirm the topological phase transitions, we investigate the evolution of the surface states of TlBiS~2~ under hydrostatic pressure. We first obtain a tight-binding Hamiltonian from maximally localized Wannier functions[@b36] using the WANNIER90 code[@b37]. A hexagonal supercell with 8 × 8 × 8 k points is adopted in the non-self-consistent calculation. The Tl *s*, *p*, Bi *p*, and S *p* orbitals are used for the initial projection. Once the tight-binding Hamiltonian is established, a slab of 241 atomic layers with (111)-oriented surfaces is built with Tl on both the top and bottom surfaces. Calculated band structures near the Fermi level are shown in [Fig. 4](#f4){ref-type="fig"}. Due to the inversion symmetry of the slab, the bands related to the top and bottom surfaces are degenerate. We project the states near the Fermi level to the first eight atomic layers on the top side of the slab. According to [Fig. 4(a)](#f4){ref-type="fig"}, for −2 GPa pressure there is no state in the bulk energy gap and the surface states marked by red circles are buried in bulk states. On the other hand, for 2 GPa pressure, see [Fig. 4(b)](#f4){ref-type="fig"}, a surface state emerges in the energy gap at the point and the Dirac point is located below the Fermi level, i.e., we have a nontrivial phase. For 8 GPa pressure, see [Fig. 4(c)](#f4){ref-type="fig"}, an additional surface state arises at the point. Since there are three points in the surface Brillouin zone, we have a total of four Dirac cones. The even number again reflects a trivial phase. The contributions of the surface layers are highlighted by the size of the red circles. Comparing the surface states at the point in [Fig. 4(b) and (c)](#f4){ref-type="fig"}, we find that the proportion of the gapless states on the surface layers is determined by the pressure.

In [Fig. 5](#f5){ref-type="fig"} we show constant energy cuts through the Dirac cones for the and points at −0.04 eV and 0.02 eV, respectively. Clearly, the energy contour is anisotropic at the point with a distortion along the - direction. Experimentally, above the Dirac point the spin direction is in-plane and precesses clockwise around the point, whereas below it precesses counterclockwise. In strained TlBiS~2~ we find the same property for the surface states. There is also a small *z* component with three fold symmetry, which results from the in-plane potential gradients[@b38]. These findings agree with previous calculations in Ref. [@b14]. It is a distinct feature of the surface states at the point that the spin amplitudes are different for the *x* and *y* components. The spin *z* component has no three fold symmetry and the amplitude is larger than at the point. This larger deviation of the spin vector from the *xy*-plane results from the higher in-plane anisotropy at the point. By fitting the data, we find that the in-plane spin angle *θ~s~* obeys the following relations with respect to the azimuthal angle *θ* of the momentum:The direction of the spin and momentum are related to each other at the point, whereas at the point the spin behaves inversely to the momentum and has a large out-of-phase component, which is due to the anisotropy of the Dirac cone. This relation between spin and momentum can be explained by the spin-orbital texture of the surface states which is also found in Bi~2~Se~3~ and Bi~2~Te~3~[@b39][@b40]. At the and points the surface states are dominated by the out-of-plane *p~z~* and in-plane *p~x~*, *p~y~* orbitals, respectively.

Topological crystalline insulators are characterized by a non-zero mirror Chern number. Therefore, mirror symmetry protected Dirac cones arise in the surface electronic structure. Similarity between the surface states of TlBiS~2~ and SnTe, compare Refs. [@b28], [@b41], [@b42], implies that TlBiS~2~ becomes a topological crystalline insulator at 8 GPa pressure. To confirm this conjecture, we study the bands of the surface of TlBiS~2~, see [Fig. 6](#f6){ref-type="fig"}, which is symmetrical about the mirror plane. [Figure 1(c)](#f1){ref-type="fig"} demonstrates that the mirror plane crosses the surface Brillouin zone along the line - and that the Γ point as well as one of the F points of the bulk Brillouin zone are projected onto the point. Since the band structure in [Fig. 2(e)](#f2){ref-type="fig"} shows band inversion at both the Γ and F points, we reproduce the general situation of Ref. [@b41] and expect the projected Dirac cones to hybridize at their intersection. This expectation is confirmed by [Fig. 6(a)](#f6){ref-type="fig"}, which shows that the hybridization opens an energy gap at the Fermi level, except for the mirror-symmetric line -. Along this line a descendent Dirac cone is created due to protection by mirror symmetry (rather than by time-reversal symmetry). At the point, see [Fig. 6(b)](#f6){ref-type="fig"}, the hybridization leads to an energy gap, because the two F points that are projected onto this point do not lie on the mirror plane[@b42]. To the best of our knowledge, TlBiS~2~ is the first reported compound which can be tuned from a topological insulator into a topological crystalline insulator by applying hydrostatic pressure.

For TlSbS~2~ without strain we obtain the lattice parameters *a*~0~ = 7.758 Å and *α* = 30.3° as well as the internal parameter *u* = 0.236. Without strain, see [Fig. 7(a)](#f7){ref-type="fig"}, we obtain a direct gap semiconductor with an energy gap of 0.128 eV at the Γ point. When the pressure increases from 0 GPa to 8 GPa the energy gaps at the Γ and F points first close and then reopen, similar to TlBiS~2~. The critical pressures for closure are around 2 and 5 GPa for the Γ and F points, respectively. Distinctly different to TlBiS~2~, under pressure the valence band edge at the Γ point shifts upwards and the conduction band edge at the F point downwards, which makes the system change from a semiconductor to a semimetal. Similar to TlBiS~2~, the states around the Fermi level are mostly due to the Tl *p*, Sb *p*, and S *p* orbitals. In [Fig. 7(a)](#f7){ref-type="fig"} we find no band inversions at the time-reversal invariant momenta and the conduction bands are dominated by the Tl and Sb *p* orbitals, while the valence bands are dominated by the S *p* orbitals. In [Fig. 7(b)](#f7){ref-type="fig"} a band inversion occurs at the Γ point, i.e., the system changes from a trivial phase into a nontrivial phase. For 5 GPa pressure, see [Fig. 7(d)](#f7){ref-type="fig"}, the conduction and valence band edges touch at the F point and another band inversion occurs, transforming the system from a topological semimetal into a trivial semimetal. By parity analysis, we find that the topological invariants without pressure and under 2, 3, 5, and 8 GPa pressure are (0;000), (1;000), (1;000), (0;000), and (0;000), respectively.

Band structures under biaxial and uniaxial strain are illustrated in [Fig. 8(b)--(e)](#f8){ref-type="fig"}. For comparison, the band structure without strain is shown in [Fig. 8(a)](#f8){ref-type="fig"}. For biaxial compression, see [Fig. 8(b)](#f8){ref-type="fig"}, the system transforms from a direct gap semiconductor into a semimetal with the valence band maximum and conduction band minimum located at the Γ and F point, respectively. A band inversion occurs at the F point and the energy gap at the Γ point grows. According to [Fig. 8(c)](#f8){ref-type="fig"}, under biaxial tension the variation of the band structure near the Fermi level is reversed as compared to compression. We observe that at the F point the conduction and valence band edges shift upwards and the energy gap grows, whereas at the Γ point the band edges shift downwards and touch at 5% tension. For uniaxial compression, see [Fig. 8(d)](#f8){ref-type="fig"}, the system changes from a direct gap semiconductor into a semimetal with a band inversion at the Γ point, whereas for uniaxial tension in [Fig. 8(e)](#f8){ref-type="fig"} it first changes from a direct gap semiconductor into an indirect gap semiconductor and then into a semimetal. The band gaps at the Γ and F points both grow and no band inversion appears. By parity analysis, we obtain the topological invariants (1;000), (1;000), (1;000), and (0;000) under −5%, 5% biaxial strain, and −6%, 6% uniaxial strain, respectively.

The surface states are studied analogously to TlBiS~2~. Without strain, see [Fig. 9(a)](#f9){ref-type="fig"}, there is no surface state in the bulk energy gap, i.e., the system is a trivial semiconductor, whereas under 3 GPa pressure, see [Fig. 9(b)](#f9){ref-type="fig"}, a surface state emerges in the energy gap at the point above the Fermi level. The system is in a nontrivial phase and the Dirac cone is buried in bulk states. Under 8 GPa pressure, see [Fig. 9(c)](#f9){ref-type="fig"}, an additional surface state arises at the point, located at the Fermi level, but still buried in bulk states. TlSbS~2~ under 8 GPa pressure is a topological crystalline semimetal. Due to the semimetallic nature, the surface states here are less interesting than for TlBiS~2~, although the spin-orbital textures of the Dirac cones are similar.

Discussion
==========

We have studied the topological properties of TlBiS~2~ and TlSbS~2~ under strain. Two topological phase transitions occur in both systems under hydrostatic pressure. TlBiS~2~ remains a direct gap semiconductor up to 8 GPa, while TlSbS~2~ turns from a semiconductor into a semimetal. Biaxial and uniaxial strain also drive topological phase transitions. Band structures of slabs with (111)-oriented surfaces show that a surface state emerges at the point when the system is in the topological regime. For pressure larger than 5 GPa another surface state appears at the point, transforming the system from a nontrivial into a trivial phase. By further investigating the states on the surface, which are symmetric about the mirror plane, we find that TlBiS~2~ under 8 GPa pressure undergoes a phase transition from a topological to a topological crystalline insulator. Similar transitions can also be expected for other Tl-based III-V-VI~2~ ternary chalcogenides, for example TlBiTe~2~. The surface states induced by strain should be investigated by spin- and angle-resolved photoemission spectroscopy to confirm our predictions.

Methods
=======

Our calculations are based on the Quantum ESPRESSO code[@b43], using the generalized gradient approximation for the exchange-correlation functional and norm-conserving pseudopotentials. A kinetic energy cutoff of 680 eV and a 10 × 10 × 10 k-point mesh are employed.
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![(a) Unit cell of TlBiS~2~, (b) corresponding hexagonal supercell, and (c) three dimensional Brillouin zone with projections onto the surface Brillouin zones.](srep08379-f1){#f1}

![Band structures of TlBiS~2~ for (a) −2 GPa, (b) 0 GPa, (c) 2 GPa, (d) 5 GPa, and (e) 8 GPa hydrostatic pressure.](srep08379-f2){#f2}

![Band structures of TlBiS~2~ (a) without strain, with (b) −5%, (c) 5% biaxial strain as well as (d) −6% and (e) 6% uniaxial strain.](srep08379-f3){#f3}

![Band structures of the TlBiS~2~ slab with (111)-oriented surfaces under (a) −2 GPa, (b) 2 GPa, and (c) 5 GPa pressure.\
The size of the red circles represents the contribution of the first eight atomic layers.](srep08379-f4){#f4}

![Spin polarization and orbital characteristics of the surface states of the TlBiS~2~ slab at the (a) , (b) , (c) , and (d) points under 8 GPa pressure.\
The first, second and third rows correspond to the spin *x*, *y* and *z* components at a constant energy. The fourth row shows the in-plane spin vectors and orbital characteristics above the Dirac point.](srep08379-f5){#f5}

![Band structure of the TlBiS~2~ slab with -oriented surfaces in the vicinity of the (a) and (b) points.\
The slab consists of 90 atomic layers. The size of the red circles represents the contribution of the first three atomic layers.](srep08379-f6){#f6}

![Band structures of TlSbS~2~ for (a) 0 GPa, (b) 2 GPa, (c) 3 GPa, (d) 5 GPa, and (e) 8 GPa hydrostatic pressures.](srep08379-f7){#f7}

![Band structures of TlSbS~2~ (a) without strain, with (b) −5%, (c) 5% biaxial strains as well as (d) −6%, and (e) 6% uniaxial strains.](srep08379-f8){#f8}

![Band structures of the TlSbS~2~ slab under (a) 0 GPa, (b) 3 GPa, and (c) 5 GPa pressure.\
The size of the red circles represents the contribution of the surface layer.](srep08379-f9){#f9}
